In this talk we discuss the color decomposition of tree-level and one-loop QCD amplitudes with arbitrary numbers of quarks and gluons. We present a method for the decomposition of partial amplitudes into primitive amplitudes, which is based on shuffle relations and is purely combinatorial [1] . Closed formulae are derived, which do not require the inversion of a system of linear equations.
Introduction
Due to the quite complex nature of this topic we limit ourselves to a rather basic description of our method, trying to grant a more intuitive insight. For a detailed treatment we refer the reader to an elaborate discussion of our method in [1] .
Color decomposition offers a systematic tool to deal with the most complicated color structures in QCD amplitudes with large numbers of particles. In the so-called color-flow decomposition [2] the factorization of color information and kinematical information, where the empty closed string is given by c closed () = N. The partial amplitudes A i are gauge invariant subsets of color-stripped diagrams, which are by definition color-ordered and are built from color-stripped Feynman rules (to be found for example in [1, 3] ). The color-stripped Feynman rules are by construction antisymmetric in the exchange of the external legs, which means that also the diagrams in the partial amplitudes are distinguished by the cyclic orderings of the external legs around the diagrams (usually defined in clockwise direction). One peculiarity of the color-flow decomposition is the decomposition of the gluon field in terms of its natural matrix representation, which leads to the decomposition of the SU (N) gluon propagator in terms of a U (N) part and a U (1) part and is schematically depicted by
which is well known from the 1/N expansion of an SU (N) theory. The kinematical parts of the U (N) and U (1) gluon propagators are thereby identical, whereas the color parts are different. Since the color coefficients in the color-flow decomposition are simple products of Kronecker deltas of fundamental and antifundamental color indices, the contraction of the color indices, upon squaring the amplitude, becomes trivial. The color-flow decomposition allows for a quite natural picture in terms of all possible flows of color through an amplitude and for an efficient organization in the number of U (1) gluons. Partial amplitudes are in general not cyclic ordered, which means that not all diagrams in a partial amplitude possess the same cyclic ordering of the external legs: We decompose the partial amplitudes A i further into so-called primitive amplitudes P j through
(1.4)
The primitive amplitudes P j are gauge invariant subsets of color-stripped diagrams, which are by definition cyclic ordered and are built from color-stripped Feynman rules. At the one-loop level, primitive amplitudes are further characterized by the particle content in the loop (either closed fermion loops or loops with at least one gluon or ghost particle), and by the position of the loop with respect to the external fermion lines upon following their fermion-flow arrow (a fermion line can either be right-or left-routing). Due to their cyclic ordering, primitive amplitudes can be efficiently constructed by means of recursion relations, and they contain in general smaller numbers of kinematical invariants. Many modern methods to compute the virtual contribution in a next-toleading order computation, such as the virtual subtraction method [4] or unitarity based techniques [5] , utilize cyclic ordered primitive amplitudes. To find the linear relations F i j between the A i and the P j (i.e. to find all cyclic orderings to a specific color flow) in the general case of QCD amplitudes with arbitrary numbers of quarks and gluons is non-trivial: In the case of tree-level amplitudes, the cyclic ordering is destroyed by the presence of tree-level like U (1) gluons. In the case of one-loop amplitudes the cyclic ordering is destroyed by the additional presence of U (1) gluons in the loop, or because of an additional closed string. For the cases of tree-level amplitudes with only gluons or with one quark pair plus gluons, the decomposition into primitive amplitudes is trivial: In these cases the partial amplitudes are also primitive. Also at the one-loop level closed formulae exist for the cases of amplitudes with only gluons or with one quark pair plus gluons [6] . For the cases of one-loop QCD amplitudes with arbitrary numbers of quarks and gluons approaches exist, which are based on Feynman diagrams and the inversion of systems of linear equations [7] . However, from a certain point of view these approaches are somewhat unsatisfactory, since one has to solve (large) systems of linear equations and because they rely on Feynman diagrams, which is unaesthetic, as all other parts of a next-toleading order calculation can be performed without resorting to Feynman diagrams.
The method which we present here avoids Feynman diagrams and the inversion of a system of linear equations, but utilizes (generalized) shuffle relations to derive results for the decomposition of one-loop amplitudes with an arbitary number of quarks and gluons in closed form.
At this point we would like to mention a few other quite recent efforts, which are related to our work: Closed results for the decomposition of multi-quark one-loop amplitudes were recently derived in [8] as well. Relations between multi-quark tree-level primitive amplitudes, based on Dyck words, were recently derived in [9] . General symmetry properties of color structures in oneloop amplitudes, where all fields are in the adjoint representation, were recently studied in [10] .
Basic tree-level operations
In the following we will elaborate on some necessary basic operations. Consider therefor the alphabet A = {l i } = {q 1 , q 2 , ...,q 1 ,q 2 , ..., g 1 , g 2 , ...}, made of quark, antiquark and gluon indices: A word w = l 1 ...l k is an ordered sequence of letters l i ∈ A. Consider further ordered sequences up to cyclic permutations:
is then the corresponding equivalence class, denoted by a square bracket around a representative sequence. We define the shuffle product between two words w 1 = l 1 ...l k and w 2 = l k+1 ...l r by 
where the sum runs over all permutations, which preserve the relative cyclic order of l 1 ...l k and l k+1 ...l r , while permutations, where the crossing of fermion lines cannot be avoided, as well as cyclic permutations of l σ (1) ...l σ (r) are excluded. We then define pimitive amplitudes P(w) as linear operators on the vector space of cyclic words w:
Due to the antisymmetry of the color-stripped vertices the P(w) have a reflection identity P(w) = (−1) n P(w T ), where
, and obey partial reflection as well, e.g.
For our purposes we need to generalize the above, in order to connect two cyclic words u and v by a U (1) gluon. Consider first that we want to connect a quark line fig. 1 , where u i,R and u i,L (v j,R and v j,L ) denote the remaining sequences to the right and left of q i in u (q j in v) in clockwise direction. We can then define a generalized shuffle product by is not unique, reflecting the fact that the decomposition of partial amplitudes into primitive amplitudes is not unique. Now suppose that u contains n q u quark pairs labeled by i ∈ K = {1, 2, ..., n q u } and that v contains n q v quark pairs labeled by j ∈ L = {n q u + 1, n q u + 2, ..., n q u + n q v }. We then set
The definition of U (u 1 , ..., u r ) with more than two arguments is more involved. Suppose that u i contains n q i quark pairs labeled from n q 1 + ... + n q i−1 + 1 to n q 1 + ... + n q i−1 + n q i . The operation U (u 1 , ..., u r ) is then defined by the following algorithm:
1. Draw all connected tree diagrams with r vertices, labeled by u 1 , ..., u r .
2. For every edge connecting u k and u l use an operation U i j , where i labels a quark pair in u k and j labels a quark pair in u l , and sum over i and j. The order in which these operations are performed is irrelevant, since the operations for a given graph are associative.
3. Sum over all diagrams. The reason for this definition is that a naive iteration of the operation with two factors in eq. (2.5) is not associative and the corresponding result would not only reduce to diagrams that connect all quark lines in all possible ways by two U (1) gluons, but also take unwanted diagrams into account. Another possibility to define the operation U i j (u, v) is the following: Imagine an ordered amplitude, corresponding to a cyclic word u = [q i u i,Rqi u i,L ] as depicted by the left diagram in fig. 1 , with two sets u i,R and u i,L of color-connected particles, separated by a parton line i. Suppose we want to have both sets on one side of the parton line i, such that the members of one set never directly couple to the members of the other set: Using shuffle relations and the antisymmetry of the color-stripped vertices we can "flip" the elements of u i,L to the other side of the parton line i, such that diagrams, where the elements of u i,R and u i,L would couple, cancel each other. In terms of primitive amplitudes, this is known as Kleiss-Kuijf relations:
where n u i,L denotes the size and u T i,L the reverse of the sequence u i,L . Imagine now the full scenario depicted in fig. 1 : In a similar fashion to above we can "flip" the elements of u i,L and v j,L to the other sides of the quark lines i and j, respectively. Connecting then the quark lines i and j is indeed U (1)-like, and we may thus define the operation U i j (u, v) equally well by
Tree-level multi-quark amplitudes
We concentrate on the case of amplitudesÂ with distinct quark pairs, since the case of amplitudes with identical quark pairs can always be related to the former by antisymmetrization [1, 3] . The color decomposition of a tree-level amplitude with n g gluons and n q distinct quark pairs readŝ
which generates all possible distinct color-flow combinations by summing over all permutations π of n q antiquark indices, all partitions {i 1 , ..., i n q } of n g gluon indices among n q open strings, and all permutations σ of n g gluon indices. Without loss of generality we can relabel the quarks and antiquarks such that the permutation π of antiquark indices can be written in terms of r cycles with sizes k j ( j = 1, ..., r): where every cyclic word simply contains an ordered sequence of quark, antiquark and gluon indices, corresponding to the members of a color-connected cluster. Each partial amplitude can thus be associated to a set {u 1 , ..., u r } of r cyclic words, corresponding to the associated permutation π of antiquark indices. Two cyclic words are thereby connected by a U (1) gluon, and each partial amplitude contains therefore (r − 1) U (1) gluons. We can then use the shuffle operation U (u 1 , ..., u r ), defined in the previous section, to determine all cyclic orderings to this partial amplitude, such that its decomposition into primitive amplitudes reads
Basic one-loop operations
In one-loop amplitudes we encounter color flows of double-ring structure, with emissions from an inner and an outer ring. Consider these structures to correspond to two cyclic words u = [l 1 ... ]. If we want to find all cyclic orderings corresponding to the color flow of the associated contribution, we may use the cyclic shuffle product:
Further we can have exchange of U (1) gluons between tree-like quark lines and loop structures, where we distinguish two cases:
(i) A quark line color-connected to the loop, in which case there is a cyclic word u
j , with l = 1/2, 1, color-connected to the loop (regarding the label [l], see sec. 5). In this case the treelevel operation U on the cyclic words {u i = j } and u
(ii) A closed fermion loop, in which case there is a cyclic word v [1/2] , corresponding to a separate color cluster. In this case the tree-level operation U on the cyclic words {u i } and v [1/2] suffices: U (u 1 , ..., u r , v). fig. 1 . The loop shall be closed by a U (1)-like connection, which is implemented by the operation 
where we essentially "flip" the elements of u 4 to the other side of the q i -q j line. Closing the loop on the "lower" side between the quark lines i and j is then U (1)-like. There are in total four categories of this type, corresponding to the different "routing" combinations of the fermion-flow arrows of i and j with respect to the loop, which we need to sum in the end:
Again, their definition is not unique. (iii) Multiple U (1) gluons closing between quark lines of different cyclic words: Cutting one U (1) gluon gives a tree and we expect that the remaining U (1) gluons can be treated with the operation U i j . We define an operation CU (u 1 , ..., u r ), acting on r cyclic words, which combines the operation U i j and C i j by the following algorithm:
1. Draw all connected one-loop diagrams with r vertices, labeled by u 1 , ..., u r , including diagrams with self-loops. Select in each diagram one edge e C , such that upon removal of this edge the diagram becomes a connected tree diagram. 2. For every edge e = e C connecting u k and u l use an operation U i j , where i labels a quark pair in u k and j labels a quark pair in u l and sum over i and j. The order in which these operations are performed is irrelevant, since the operations for a given graph are associative. 3. If e C is not a self-loop and connects u k and u l use an operation C i j , where i labels a quark pair in u k and j labels a quark pair in u l and sum over i and j. 4 . If e C is a self-loop connected to u k use an operation C i j , where i and j label quark pairs in u k and sum over i and j subject to i ≤ j. 5. Divide by the symmetry factor of the diagram. Sum over all diagrams.
One-loop multi-quark amplitudes
The color decomposition of a one-loop amplitude with n g gluons and n q distinct quark pairs readŝ
which generates all possible distinct color-flow combinations by summing over all permutations π of n q antiquark indices, all partitions {i 1 , ..., i n q , m} of n g gluon indices among n q open strings and one closed string, and all permutations σ of n g gluon indices, except those that leave the closed string invariant. Again, the permutation π of antiquark indices can be written in terms of r cycles, as given in eq. (3.2), where each cycle defines a cyclic word, as given in eq. (3.3). The additional closed string defines an additional cyclic word v, which contains m gluon indices:
One-loop partial and primitive amplitudes, as already mentioned, are further characterized by two additional properties: 1st) Additional routing labels L or R distinguish whether fermion lines (following their fermion-flow arrows) turn left or right with respect to the loop. The reflection identity states then that P (1) (w) = (−1) n P (1) (w T ), while {L ↔ R}. In the following we will not concentrate any further on the assignment of routing labels. 2nd) For each partial amplitude we separate contributions with a closed fermion loop, which we label by [1/2] , from those without, which we label by [1] : [1] . Primitive amplitudes are to be labeled accordingly.
The decomposition of the partial amplitudes A (1) [1/2] into primitive amplitudes reads , is color-connected to the closed fermion loop, i.e. it contributes to the case m = 0. We need, however, an explicit factor 1 N to compensate for the factor c closed () = N, which is not present in these contributions. There are (r − 1) tree-like U (1) gluons, which connect between {u i = j } and u
. Since each of the color clusters can be the one color-connected to the closed fermion loop, we need to sum over j. The second term in eq. (5.3) corresponds to contributions where none of the external quark lines is color-connected to the closed fermion loop. The closed fermion loop corresponds to a closed string with gluons attached and thus belongs to a separate color cluster, associated to the cyclic word v, i.e. it contributes to the case m ≥ 0. We need no explicit factor 1 N here, since any factor c closed () = N generated for m = 0, is genuine to these contributions. There are r tree-like U (1) gluons, which connect between {u i } and v. In every P
(w) an additional minus sign needs to be included, due to the closed fermion loop.
The decomposition of the partial amplitudes A (1) [1] into primitive amplitudes reads
where we have to deal with double-ring structures now, and where u k denotes that the cyclic word u k is to be taken off the list of arguments of U (...). If π consists of r cycles, we can have either (r − 1), (r − 2) or r U (1) gluons in the amplitude. The first term in eq. (5.4) corresponds to contributions where we have a closed string with ≥ 0 gluons attached, i.e. it contributes to the case m ≥ 0 (we define the closed string to be on the inner ring). One of the cyclic words u corresponds to the loop, which we denote by u [1] j , while the others correspond to tree-like structures. There are (r − 1) tree-like U (1) gluons, which connect between the r cycles. Since each of the color clusters can be the one color-connected to the loop, we need to sum over j. The second term in eq. (5.4) corresponds to contributions where we have no closed string, i.e. it contributes to the case m = 0. Two of the cyclic words u correspond now to the loop, where one is associated to the inner ring and the other to the outer ring, and where particles on the inner ring are color-disconnected from particles on the outer ring. There are (r − 2) tree-like U (1) gluons, which connect between {u k =i, j } and u i ⊚u T j [1] , and we need to sum over i and j < i. The third term in eq. (5.4) corresponds also to contributions where we have no closed string, i.e. it contributes also to the case m = 0. There are r U (1) gluons, of which at least one is in the loop, and particles on the inner ring are colorconnected to particles on the outer ring. Here we use the operation CU (u 1 , ..., u r ), defined in the previous section. Examples of color-flow diagrams in all three cases are shown in fig. 3 .
Summary
The color-flow decomposition yields a systematic approach to complicated color structures. The reduction to primitive amplitudes, particularly in the case of one-loop amplitudes with arbitary numbers of gluons and quarks, is thereby a non-trivial problem. Closed expressions can nevertheless be formulated through (generalized) shuffle relations. We have validated the formulae that result thereby from our method to converge to the known results in [6] , for the case of one-loop amplitudes with one quark pair and an arbitrary number of gluons, and further compared to the results of Ita et al. in [7] , e.g. for the case of one-loop amplitudes with two quark pairs plus two gluons. The corresponding checks and examples, as well as further comments as to the assignment of routing labels or the loop closing operation in eq. (4.3) etc., can be found in [1] . We want to stress that shuffle operations yield in general a decomposition into primitive amplitudes with a high degree of symmetry, but not necessarily with a minimum number of terms. However, by using identities between primitive amplitudes, e.g. the reflection identity, one can always reduce the number of terms. Finally we want to note that the method, which we present here, offers the possibility to study subleading effects in the 1/N expansion of one-loop QCD amplitudes with an arbitrary number of quarks and gluons in a systematic way. Moreover we would like to suggest that shuffle operations might also be of help in order to study the color structure of two-loop amplitudes.
